We report a new technique to determine the van der Waals coefficients of lithium (Li) atoms based on the relativistic coupled-cluster theory. These quantities are determined using the imaginary parts of the scalar dipole and quadrupole polarizabilities, which are evaluated using the approach that we have proposed in [1] . Our procedure is fully ab initio, and avoids the sum-over-the-states method. We present the dipole and quadrupole polarizabilities of many of the low-lying excited states of Li. Also, the off-diagonal dipole and quadrupole polarizabilites between some of the low-lying states of Li are calculated.
I. INTRODUCTION
In recent years, ultra-cold atom experiments have been used in the study of a variety of scattering physics, including the probing of different types of phase transitions [2] . From an experimental point of view, lithium (Li) is a very interesting system since its 6 Li and 7 Li isotopes correspond to fermionic and bosonic systems, respectively. These isotopes are used in the study of boson-boson [3, 4] , boson-fermion [5] and fermion-fermion mixtures [4, 6] .
For the theoretical description of these kinds of systems, a knowledge of the interatomic potential is necessary. At a large nuclear separation R, the s-wave scattering interatomic potential is accurately represented by the sum of two independent contributions, the exchange and electrostatic potential [7] . The former is related to the ionization energies and scattering lengths which will not be discussed hereafter. The electrostatic potential is given by [8] as
where C 6 and C 8 are known as dispersion or van der Waals coefficients. As R → ∞, the long-range potential V (R) is dominated by −C 6 /R 6 and −C 8 /R 8 , where the higher-order terms are sufficiently weak to be neglected. Both coefficients can be evaluated from the knowledge of the imaginary parts of the dynamic dipole and quadrupole polarizabilities [9, 10] . Several groups have evaluated these quantities because of their necessity in the simulation, prediction, and interpretation of experiments on optical lattices in cold-atom collisions, photo-association, and fluorescence spectroscopy [11, 12] .
Since the classic work of Dalgarno and Lewis [13] , different procedures have been followed to deter- * wansbeek@kvi.nl mine polarizabilities. An often-used method is the sum-over-intermediate-states approach, which employs dipole/quadrupole matrix elements and excitation energies of important states [14, 15, 16, 17, 18] . Sumover-the-states methods are, however, limited in their accuracy because of the restrictions in the inclusion of higher states, which are difficult to generate. Coupledcluster based linear response theory [14, 15] seems to be a promising method to study both static and dynamic polarizabilities, while avoiding this limitation of the sumover-the-states approach. This method is well applicable to closed-shell systems. For relativistic open-shell systems and adopting atomic symmetry properties, however, it is not an easy formalism. Therefore, the sum-over-thestates approach using dipole/quadrupole matrix elements or oscillator strengths is often used in open-shell atomic systems [17, 18] .
In this work, we present a novel approach to determine the van der Waals coefficients for lithium using a method which employs fully atomic symmetry properties in the framework of the relativistic coupled-cluster (RCC) approach. The approach is ab initio and avoids the limitations of the sum-over-the-states methods. It has recently been employed to determine static polarizabilities in closed-shell and one-valence open-shell systems [1, 19, 20] . We also present the static dipole and quadrupole polarizabilities of many of the excited states in Li. These could be useful in the calculation of the dispersion coefficients of the excited states and in determining Stark shifts. So far, only a few studies have been carried out on the polarizabilities of the Li excited states [21, 22, 23, 24, 25, 26] . Most of these studies use nonrelativistic theories, and we will compare those results to our relativistic calculations to assess the relevance of relativistic effects. We also present the scalar polarizabilities among two different states, which are of interest for several types of studies [27] .
The outline of the rest of the paper is as follows. We start by presenting the theory for polarizabilities and van der Waals coefficients in Sec. II. Next, we discuss our method of calculation in Sec. III, and in Sec. IV we present and discuss our results.
II. THEORY
In this section we give the definitions of the static and dynamic polarizabilities and the van der Waals coefficients.
where O (k) represents the dipole operator D for k = 1 and the quadrupole operator Q for k = 2, respectively. As a special case the scalar polarizabilities of a state can be recovered by setting i = f in the above equation. Apart from the static polarizability, a dynamic polarizability can also be defined. The imaginary part of the dynamic polarizability between two states is given by
where ω is the frequency of the external electromagnetic field. From these definitions it follows that the determination of the polarizabilities requires the evaluation of transition matrix elements and the excitation energies, hence a powerful many-body approach is necessary to evaluate the above quantities to high accuracy.
B. Van der Waals coefficients
The general expression for the van der Waals coefficients between two different atoms a and b in terms of their dynamic polarizabilities is given by [9] 
where l ′ ≡ n − l − 1 and α a l (iω) and α b l ′ (iω) are the 2 lpole polarizability of atom a and 2 l ′ -pole polarizability of atom b, respectively. In this article, we evaluate the C 6 and C 8 coefficients for the s-wave ground state of the Li atom using the simple formulas
obtained from Eq. (2.6). The long-range part of the interaction between three ground-state atoms is not exactly equal to the interaction energies taken in pairs. There is an extra term which comes from the third-order perturbation. This correction to the van der Waals potential can be given as
is called the triple-dipole constant. We have also determined this quantity v for the Li atom and present the result here.
III. METHOD OF CALCULATION
The aim of this work is to evaluate Eq. (2.5) for both static (ω = 0) and dynamic (finite ω) polarizabilities, while avoiding the sum-over-intermediate-states approach and at the same time treating electron-correlation effects rigourously. Coupled-cluster (CC) theory is one of the most powerful methods to incorporate the electroncorrelation effects to all orders in the atomic wave functions. We employ here a relativistic CC theory that can determine the atomic wave functions accurately. Using Eq. (2.5), we write for the dynamic polarizability between states |Ψ f and |Ψ i
Comparing Eq. (2.5) and Eq. (3.1), we can express |Ψ ′ v , where v = i, f , as
where H is the Dirac-Coulomb Hamiltonian. If we next define an effective Hamiltonian
and an effective dipole or quadrupole operator
we can find |Ψ ′ v as the solution of
where |Ψ ′ v are the first-order perturbed wave functions due to the external field.
A. Determination of the DC wave functions
To carry out our calculations, we will use CC cluster theory. As this has been described in detail in many other papers , we will limit ourselves to a short overview.
In CC theory, the atomic wave function |Ψ v due to the real part of the effective Hamiltonian of a single valence (v) open-shell system can be expressed as [31, 32, 33 ]
where we define the reference state |Φ v = a † v |Φ 0 , with |Φ 0 the closed-shell Dirac-Fock (DF) state, which is taken as the Fermi vacuum. T and S v are the CC excitation operators for core to virtual electrons, and valencecore to virtual electrons, respectively. The curly bracket in the above expression represents the normal-ordered form. In our calculation, we consider all possible single (S) and double (D) excitations, as well as the most important triple (T) excitations, an approximation known as the CCSD(T) method [34] . To determine the amplitudes of the CC excitation operators we use
where we have defined
. The superscript L (= 1, 2) represents the singly or doubly excited states from the closed-shell reference (DF) wave function and ∆E 0 is the correlation energy for the closed-shell system. Further, ∆E v is the electron affinity energy of the valence electron v, K (= 1, 2) denotes the singly or doubly excited states from the single valence reference state, and the subscripts N and c represent the normal-ordered form and connected terms, respectively. Eqs. (3.5) are nonlinear, and they are solved self-consistently by using a Jacobi iterative procedure. With the amplitudes of the CC excitation operators known, the zeroth-order wave functions can be calculated by using Eq. (3.4) .
B. Determination of the first-order wave functions
The next step is to determine the first-order wave functions. We write the wave function of a state with valence electron v in the presence of an external field as
where |Ψ v is the wave function of the system in the absence of the external field and |Ψ ′ v is the first-order correction to |Ψ v due to the external field. In the spirit of the CC approach, we take the ansatz
whereT andS v are defined as
8) 
We evaluate these perturbed CC operator amplitudes using the following equations (cf. Eqs. (3.5)):
where the meaning of L and K was explained above. The first-order wave functions are determined using Eq. (3.11) after obtaining the perturbed CC amplitudes.
C. Evaluation of α using the RCC approach
The expression for the polarizabilities using our CC approach can now be obtained by substituting Eqs. (3.4) and (3.11) in Eq. (3.1). In this way we get (we also normalize)
where
with v = i, f , and we have defined
T . We first evaluate, by using the generalized Wick's theorem, the intermediate terms O (k) and N 0 in the above expressions as effective one-body, two-body, and so on, terms. Next we sandwich the open-shell valence-core electron excitation operators to evaluate the exact expression.
IV. RESULTS AND DISCUSSIONS
We have used partly numerical and partly analytical orbitals to generate the complete basis sets. The numerical orbitals were obtained using GRASP [41] , and the analytical orbitals were obtained using Gaussian-type orbitals (GTO's) [42] . In total, we have taken up to the 30s, 30p, 25d, 25f , and 20g orbitals to calculate the DF wave function. Out of these, we have generated the first 4, 3, 2, 2, and 2 orbitals from the s, p, d, f , and g symmetries, respectively, using GRASP. The remaining continuum orbitals were obtained analytically from GTO's, using as parameters α = 0.00525 and β = 2.73. After this, the final orbitals were orthogonalized using Schmidt's procedure [43] . We present the static dipole and quadrupole polarizabilities of several important low-lying states of Li in Table I and Table II , respectively. In these Tables, we have also listed other theoretical results and the most recent experimental results, where available. For the ground state, a number of theoretical dipole polarizability results are available, for the excited states, however, few calculations have been carried out. All other theoretical results except one are based on non-relativistic theory. Some of these calculations are also performed using molecular codes, at the cost of atomic symmetries [25] . The one available relativistic calculation on the excited states is carried out using a rather approximate method to include the correlation effects due to the Coulomb interaction [37] . Our calculation uses a relativistic approach which considers correlation effects to all orders in the form of CC amplitudes. Table II shows the result for the static quadrupole polarizabilities. No experimental data is available for comparison, and the available theoretical results for the 2S 1/2 level are not very consistent.
Although our method is theoretically superior to the previously employed methods to determine both dipole and quadrupole polarizabilities, it seems that some of the earlier results are in better agreement with the experimental results than ours. This may be due to the fact that experimental energies are used in some of these calculations in contrast to our method which is fully ab initio. This means that in our calculation there may [24] .
be strong cancelations with neglected higher-order excitations in the correlation effects. We note that in our approach we implicitly take into account certain correlation effects that cannot be accounted for in the usual sum-over-states approach that is used in so many of the earlier calculations. These diagrams, which are shown diagrammatically in Fig. 1 , are part of the RPA.
As Table I shows, our value for the tensor polarizability of the 2p 2 P 3/2 level is larger than the experimental result. In our investigation we found that this large value is due to the unusual behavior of the correlation effects produced by the diagram shown in Fig. 2 . Leaving out this diagrams yields a value for the tensor polarizability of the 2p 2 P 3/2 level of ∼ 1.6, which agrees nicely with the experiment. For the completeness of the theory this effect cannot be left out. We expect that this effect will cancel with the neglected higher-order excitations.
In Table III , we present scalar dipole and quadrupole polarizabilities among different s-states of Li which are also important in the determination of the van der Waals coefficients of the excited states for ultra-cold atom experiments. Our method can also be employed to determine these quantities in the heavy alkali atoms like Cs and Fr that are important candidates for the study of atomic parity nonconservation [27] . To our knowledge, no other results are available to compare with these results. As the Table shows, the scalar dipole polarizability between the 2s and 3s states in Li is of opposite sign to [18] 17.087 the other alkali atoms [27] . The main goal of this work is to illustrate how to evaluate the van der Waals coefficients using the present method. Figure 3 shows the imaginary parts of the dipole and quadrupole polarizabilities (in atomic units) of the ground state of Li as functions of angular frequency, ω. As the Figures show, these quantities fall off exponentially for higher values of ω. To illustrate the effect of electron correlation as a function of frequency, we have plotted the difference between the CCSD(T) and the DF results in Fig. 4 . This Figure suggests that the correlation effects vanish for higher frequencies. Using the imaginary parts of the dipole and quadrupole polarizabilities in Eqs. (2.7), (2.8) and (2.9), we evaluated the C 6 , C 8 , and v coefficients, respectively, using a numerical integration method.
In Table IV we present our C 6 and C 8 coefficients and compare them with the other available results. Although our value for the static polarizability of the ground state of Li is slightly smaller than the results presented by others, our C 6 and C 8 values are in good agreement with the other results. We present the coefficient v of the third-order correction to the long-range potential in Table V, which matches well with the other available semiempirical results.
V. CONCLUSION
We have employed a novel approach to determine both ground and excited states polarizabilities by treating the electron-correlation effects and wave functions due to external operators in the spirit of RCC ansatz. This approach was used to determine the imaginary parts of the polarizabilities which we used to evaluate the van der Waals coefficients of the Li atom. By using this novel technique, we were able to consider the electron-correlation effects rigorously because the technique is fully relativistic and it avoids the sum-over-states method.
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